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The nonlinear differential equation for the flowfield around an airfoil in a two~dimensional
nonuniform parallel stream is solved by the finite difference method. The numerical re-
sults show that even for a thin airfoil at small angle of attack, the stagnation pressure and
the vorticity carried by the streamline passing around the airfoil are significantly different
from the corresponding values carried by the undisturbed streamline through the body
under the linearized approximation. When the deviation upstream from the uniform flow
is represented by a Gaussian profile to simulate the velocity increment behind a propeller,
the numerical results show that there is an optimum vertical location of the airfoil relative to
the upstream profile for maximum lift. A correlation between the maximum lift and a non-
uniformity parameter of the upstream profile is obtained. This parameter is a combination
of two parameters, the maximum velocity deviation and the spread of the nonuniformity.
When the upstream velocity profile changes from one uniform stream to another through a
layer with a steep velocity gradient, there is a significant gain (loss) in lift, if the vorticity is
in the same (opposite) sense as the circulation around the wing. A more drastic change in
lift occurs, however, when the circulation is in the opposite sense as the vorticity. This
occurs when the layer with a steep velocity gradient passes over the upper surface of the air-
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foil. This phenomenon of a sudden change in lift is of importance when an airplane en-

counters an atmospheric disturbance.

1. Introduction

N the studies of the interference effect of propellers on an
airfoil,*2 it is usually assumed that the disturbance of an
airfoil on the jet stream behind the propeller is small, so that
the vorticity and stagnation pressure are carried along the
streamline of the undisturbed jet. This assumption is essen-
tial for the linearization of the problem and makes the analysis
manageable. For an evaluation of the validity of this
assumption, the nonlinear problem of a two-dimensional air-
foil in & nonuniform parallel stream is examined. The non-
uniform stream simulates the flow behind the propeller, as
shown in Fig. 1. The upstream velocity U(y) is a given
function of y and is parallel to the z axis. The governing
equation for the incompressible inviscid flowfield is

0/ + M/t = —w(Y) 1)

where ¥ is the stream function and w is the vorticity. w(y)
is a given function of ¥ related to the upstream velocity pro-
file, as shown by the following parametric expressions:

w= —g"(y) = —dU(y)/dy (2a)
and

V=90 = [ UGy (2b)

For some special profiles, namely of the linear or ex-
ponential type, the nonlinear Hq. (1), becomes the linear
equation: Ay = C or Ay = Ky, respectively.2—*

In order to study the general problem of an airfoil in a non-
uniform stream, it is necessary to solve the nonlinear Eq.
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(1). A numerical program for the solution of the finite
difference equation corresponding to Eq. (1) is developed to
handle any airfoil shape and any given upstream velocity
profile. With this program, several numerical investigations
are carried out to shed some light on the effects of displace-
ments of streamlines and the effects of vorticities. It is de-
cided to run “‘experiments” by means of the computer, rather
than in the wind tunnel, not only for economy but also because
of the difficulties encountered in generating various upstream
velocity profiles in a wind tunnel. The numerical analysis
is deseribed in Sec. 2. The numerical results for an airfoil in
a nonuniform stream simulating the effect of a propeller are
deseribed in Sec. 8. The numerical results for an airfoil in a
stream with a large velocity gradient are deseribed in Sec. 4.

2. Numerical Analysis

For an airfoil submerged in a nonuniform stream, as shown
in Fig. 1, the vertical location of the airfoil relative to the
upstream velocity profile is prescribed. The flowfield obeys
the nonlinear differential Eq. (1). Because of the nonlinear
vorticity term, the flowfield is rotational and the existing
numerical programs® for potential flow cannot be employed.
The nonlinear dependence of the vorticity w on the stream
function  is defined by the upstream veloecity profile of Eqs.
(2a) and (2b). In Eq. (2b), the stream function Yy at y = 0
upstream (z = — «) is assigned to be zero. The value of the
stream function around the airfoil ¢ = C is unknown, a
priori. If the stream function around the airfoil is set equal
to zero, it will then be necessary to change Eq. (2b) to

v= [ venay —c

and the unknown constant C, will appear in the w — ¢ rela-
tionship, and hence, in the differential Eq. (1). With w(y)
defined by Eqgs. (2a) and (2b), the unknown constant ¢ will
appear only in the boundary condition on the airfoil. For
a given upstream velocity profile, given either analytically
or graphically as a function of y, a short program is written
for Egs. (2a) and (2b) in which w is tabulated as functions of
¥, to be used later as input data.

The differential Eq. (1), is reduced to a difference equa-
tion for each grid point in See. 2.1. For the numerical solu-



532 CHOW, KRAUSE, LIU, AND MAO

i 1s
———\T___L
Hy y \ i
! |
D july) @ ‘ Uty-8)
r 7
en) Ly=C,wm0(C),Ps(0)=Pp*1/2puUslyy) | |3
H Y
2 1 T
|

—
™ Te
|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

]

C
—

Fig. 1 Airfoil in a nonuniform parallel stream and the
boundaries for the finite difference solution.

tion of the difference equation, it is necessary to introduce a
finite domain in the shape of a rectangle. The appropriate
size and the condition to be imposed on the sides of the
rectangle will be discussed. Also, the boundary condition
on the airfoil, that is, the value of the stream function ¢ = C
and the Kutta-Joukowski condition at the trailing edge will
be discussed in Sec. 2.2.

2.1 Difference Equation

Instead of setting up a finite difference equation for ¢, it
will be done for the disturbance stream function (z,y) which
is defined as

Yy = dlay) — g 3)

where g(y) is the undisturbed stream function defined by Eq.
(2b). The differential equation for ¥ is

AP(zy) = —w(@ +¢9) — ¢"(w) @

where —¢g”(y) represents the undisturbed vorticity distribu-
tion given by Eq. (2a). Equation (4) holds for ¢(z,y) finite
or small. The difference Eq. (3) for an interior point (¢,7) is?
@+ 1,) + P,j + 1) + @ — 1,5) +
af(i,j — 1) — ep(3,j) =
—{ld@) + 9wl + g" Wtk )
The coefficients au,as, . . . , as, are the averaging factors and

are related to the distances between the point (¢,7) and its
four neighboring points as follows:

= 2/[@1(@1 + (l;;)], (673 2/[(12((12 + 114)]
as = 2/[as(as + @) ], a; = 2/[aas + as)]

and
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o = 2aas + 0204)/(010:0304)
where

a; = (l‘vi+1 - xi>/h, ay = (yH—l - y])/h
a; = (& — 20)/h, Q4 (y; — yi)/h

and % is the step size of the regular grid. Most of the in-
terior points are regular points with a; = a» = a3 = a4 =
1,0 = as = a3 = as = 1, and as = 4. Irregular points
are located near the airfoil, where one or more of a1,as,a3,a4
can be less than unity. The coordinates of all the irregular
points and the associated values of ai,as,0304 are defined for
each airfoil. These are given as input data and are inde-
pendent of the upstream profile, U(y). Figure 2 shows
several irregular points and a regular point.

In order to reduce the total number of grid points, different
grid sizes will be used for the regions, with a smaller grid size
for the region near the airfoil. Because of the irregular points
near the airfoil and the use of different grid sizes, it has been
decided to solve the nonlinear difference equation (5) by the
simple iteration scheme:

P50 = a)foad™ (@ + 1,7) + a5 + 1) +
asP™ @ — 1,5) + asf™ (@, — D} +
{a[Pe 6,7 + gy)] + ¢" Wy} W/ es)  (6)
where the superscripts indicate the number of iterations.
One or two of the four m’s will be equal to n, while the re-
maining ones are equal to n — 1. Their selection will de-
pend on the sequence of the iteration process.

The outer boundary of each region is in the form of a rec-
tangle. The grid size for an outer region is always chosen as
an integer multiple of that of the adjacent inner region.
These two regions overlap in such a manner that the inner
boundary of the outer region lies within the outer boundary
of the inner region, by one grid length of the outer region.
Figure 3 shows parts of the grid points in a two-region
program.

2.2 Boundary Conditions

For the numerical solution of the finite difference Eq. (5),
it is necessary to introduce a finite domain and the appropri-
ate boundary condition. For convenience, a rectangular
domain of height H, + H, and length 2W is chosen, where
W is nearly ten times the chord length (Fig. 1). Without
the knowledge of the asymptotic behavior of the disturbed
stream function ¢, a blmple condition of ¢ = 0 is 1mposed
for a given rectangular region. For the case in which the air-
foil is placed inside a wind tunnel, the boundary conditions
are ¢y = 0aty = Hiandaty = —H 5. The upstream and
downstream conditions of ¢ = O ataz = Wandz = —W
become more accurate as W increa,ses. Since an increase
in W requires only a linear increase in the number of
grid points of the larger grid size, the increments in storage
space and in computer time are not excessive. From the
numerical results in the next subsection, it is found that the
pressure distribution for a given airfoil and upstream pro-
file, U(y), changes by less than 19, when W is doubled. The
accuracy of this approximation for an infinite domain will
be examined in Sec. 2.3, by comparing the numerical solution
for an airfoil in a uniform stream with the exact solution and
by comparing the numerical solutions for nonuniform stream
with different sizes of domain, ie., with double width or
double length or both.

Fig. 3 Equiva-
lent statement of
the Kutta-Jou-
kowski condition.
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On the surface of the airfoil, the stream function ¢ should
be equal to a constant C. For each assigned value of C, a
numerical solution can be obtained. The correct value for
C has to be defined by the Kutta-Joukowski condition at the
trailing edge.

For the airfoil in a nonuniform stream, the vorticity near
the trailing edge can be approximated by the Taylor series in
Y — C le, w(y) ~ o(C) + (¢ — C)o’'(C). The approxi-
mate differential equation is —AY = w(C) + (¢ — C)w’(0).
The solution near the trailing edge can be written as a
combination of the general potential solution® and the in-
homogeneous solution, i.e.,

sin(f + vy)

¥ — C ~ ¢t sinnd 4 o(C)r? sin(f — ») (Ta)
[2 cosr]

and

Y — C ~ ¢ sinn.d + w(C)r? sin(f — »,) sind + ») (7b)
[2 cosT]

for ¥ > C and ¢ < C, respectively. With ny = n. < 2, the
second terms in Eqs. (7a) and (7b) are of higher order
in r and the condition of matching pressure yields ;. = 7..
Therefore, v = v, = 327 — 7).

It is therefore concluded that the Kutta-Joukowski condi-
tion is equivalent to the condition:

0Y/0s = 0 at the trailing edge (8)

where s is the arc length in the direction bisecting the ex-
terior trailing-edge angle.

For each assigned value C, the solution is obtained and
OY/0s at the trailing edge is computed. After three or four
trials, a value of C can be obtained to fulfill Iiq. (8).

2.3 Accuracy of the Numerical Solution

The errors in the numerical analysis come from two prin-
cipal sources, the finite grid size and the approximation of an
infinite flowfield by a finite domain. These two sources of
errors will be examined separately.

To find the proper grid sizes so that the error will be less
than a given order of magnitude, numerical calculations for
uniform flow around a Joukowski profile at zero angle of
attack is performed for a finite domain. The Joukowski
profile is obtained from a mapping of radius 0.5 with the
center located at + = —0.05, y = 0.05. The length of the
chord is 1.81.

After several numerical experiments, it has been decided
to use a rectangle of dimensions 36 X 6.4 as the basic size for
the outer region, with a grid size of 0.4, and an inner region of
dimensions 4.8 X 4. This combination is considered because
in all the check cases an enlargement of the inner region does

P-Py
Cpo

10— ZPUM \ENLARGED REGION
° |'§>
_08 ‘ L
1
| O\\\
-06 J
~04—5 ‘ \
|
L i
-02 X '

™~

0 -08 -06 -04~;02 0 02 04 06 O 0

COE
02 ! l ‘l ! | ‘ ‘ \ |
EXACT SOLUTION s
oalL_lo x NUMERICAL SOLUTION FOR ENTIRE FLOW FIELD ]

o m NUMERICAL SOLUTION FOR SMALL GRID SIZE IN AN
ENLARGED NOSE REGION

s

Fig. 4 Airfoil in uniform stream and refined calculation
L near the nose.

AIRFOIL IN A NONUNIFORM STREAM 533

o
f

-70 Ug (V)] L -1 IBIF— _lea
-60

-50

36.0

-20

//

-40

-30 / > . mEES
~

M) . =~
0

R [ D Bt S X/C
0 0l 02 _03T=043=-05-—06"-—07~-—08——09—XLO
-y e Nl P 3
OHF— U)=Ug 1+ ae "EIT | | L
o2k —— a=0  Yg=0 Yg=-0I72  U(Y0) =10 —
o3~ 0=l Y=0328 06453 Ul(Yy)=l897
; 0:2 YooO4757 yoeoi3596 U(Y )-2504
I

04 |

Fig. 5 Pressure distribution on airfoil in stream with
various maximum velocities.

not change the accuracy of the pressure distribution on the
airfoil. When the exact boundary condition, i.e., the value
of ¢ given by the analytic solution, is imposed on the boundary
of the outer region, the calculation based on a grid size of 0.2
for the inner region yields a difference of nearly 5% in the
pressure distribution C, on the airfoil. With grid size of
0.1 for the inner region, the pressure distribution along the
airfoil agrees with that of the exact solution within 1%, except
in the nose region where the radius of curvature is of the same
order as the grid size (Fig. 4).

To demonstrate that the error near the nose region is a local
effect, a finite difference calculation for a local region, 0.4 X
0.4, (Fig. 4), around the nose is carried out. The grid size is
reduced to 0.025. On the rectangular boundary, the value
of the normal derivative of the stream function given by the
numerical solution for the larger flowfield (36 X 6.4) with
larger grid size (0.1) is imposed. At the nose, the stream
function assumes the same value C as in the larger flowfield
caleulation. The pressure distribution near the nose given
by the finite difference analysis of the local region is in good
agreement with the exact solution. This example shows that
the finite difference solution for the flowfield around the air-
foil of grid size 0.1, nearly 5 of the chord, yields an accurate
pressure distribution around the airfoil for the computation
of total lift and moment. The result can be used as input
data for the boundary condition of a small local region near
the nose to obtain a detailed and accurate pressure distribu-
tion. It can also be used as a numerical verification of the
concept of inner and outer matching in the perturbation
solution.?

It should be pointed out that a reduction in grid size will
improve the resolution and the accuracy of the pressure dis-
tribution only if the input data possess enough significant
figures. For example, in a numerical calculation for a
NACA 4412, profile at 8° angle of attack, the pressure dis-
tribution is smooth and within 59, of the exact solution with
a grid size ¢ of the chord, when the input data for the co-
ordinates of the airfoil and the lengths for the arms of the
irregular points are obtained graphically, with accuracy in
two significant figures. When the grid size is reduced by
half, oscillations in the pressure distribution can be ob-
served. When the grid size is further reduced to 45 of the
chord, the oscillation in the pressure distribution is so pro-
nounced that the results become useless. This phenomenon
occurs because the percentage error in the lengths of the
arms of the irregular points, caused by the inaccuracy in
the coordinates of the airfoil, increases as the grid size de-
creases. This phenomenon can be eliminated by using more
significant figures for the coordinates of the airfoil or by
computing the coordinates analytically as in the case for the
Joukowski airfoil.

From these numerical studies, it is decided that for the
inner region, the region around the airfoil, a grid size of o
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Fig. 6 Pressure distribution on airfoil in streams with
various spreads of nonuniformity.

of the chord will be employed to yield good resolution of the
pressure distribution with less than 19, error.

In the absence of an exact solution, the simple approximate
condition of ¥ = 0 will be imposed on the boundary of the
outer region (36 X 6.4). The length of the region is con-
sidered satisfactory because the pressure distribution and
the total lift will change by less than 19, when the length
of the region is doubled. This is true even when the up-
stream veloeity is nonuniform.

Along the top and the bottom of the outer region, the
simple boundary condition of = 0, would simulate two
parallel walls. In the case of an airfoil in a uniform stream,
the effects of the two walls are of the order of 49, and are in
agreement with the theoretical results.® For airfoils in
nonuniform streams of the types discussed in the next two
sections, the simple boundary condition ¥ = 0 can of course
be 1mposed along the top and bottom boundary to simulate
wind-tunnel wall effect. When the height of the outer region
is doubled, the numerical solution with the same boundary
condition ¢ = 0 changes the pressure distribution by 5%.
This 59, change due to wall effect is an order of magnitude
smaller than those caused by the effects of stagnation pres-
sure and vorticity in the examples presented in Secs. 3 and 4.

For the purpose of demonstrating 1) the dependence of the
pressure distribution upon the upstream dynamic pressure
and the vorticity carried along the airfoil and 2) the effect
on the lift because of relative vertical orientation of the air-
foil to the nonuniform stream, all numerical examples pre-
sented in the following two sections are carried out for the
same Joukowski airfoil at zero angle of attack as described
in Sec. 2.3. It is generated by a circle of unit diameter with
center located at + = —0.05, y = 0.05, and is placed near
the center of two coaxial rectangular regions. The grid
size for the outer region (36 X 6.4) i3 0.4 and that for the
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Fig. 7 Comparison of adjusted pressure coefficients.
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inner region (4.8 X 4) is 0.1. The simple condition ¢ =
is imposed on the boundary of the outer region.

3. Airfoil in a Jet Submerged in a

Uniform Stream

For the simulation of a jet submerged in a uniform stream
or of a nonuniform stream behind a propeller, the upstream
velocity profile is represented by the general type, w1t11 three
parameters y;, @, and d,

Uly) = 1 + aexp[—(y — y)*/d?] )

Y, represents the vertical orientation of the airfoil relative to
the nonuniform stream. Parameter a represents the differ-
ence between the maximum velocity and the constant value
Us(=1), and parameter d represents the spread of the
velocity nonuniformity. All the length scales are nondimen-
sionalized with respect to the diameter of the mapping
circle.

Figure 5 shows the pressure coeflicients, with respect to the
dynamic pressure of the main stream, ie., %pUg?, for two
types of nonuniform stream with the same spread d, ie.,
typel,a = 1,d = 1 and type [, a = 2,d = 1. For both
cases y. has been set to zero. The pressure coefficient C,
for type I differs from that for a uniform stream (¢ = 0) and
even more for type II, the one with a larger maximum
velocity.

Figure 6 shows the pressure coefficient for two nonuniform
streams with the same maximum velocity but different
spread, i.e., typel,a = 1,d = Land type I, a = 1,d = }.
Again y, has been set equal to zero. The pressure coeflicient
C, with the larger spread type I differs more from that for a
uniform stream (e = 0).

The differences in the pressure coefficients are caused by
the differences in the upstream dynamic pressure and the
vorticity carried by the streamline along the airfoil Y5 = C.
To separate these two effects, an adjusted pressure coefficient
C, is introduced and is nondimensionalized with respect to
the upstream dynamic pressure of the streamline ¢ =
C e, 0, = C,U/ U yo).

Flgure 7 shows the adjusted C,’s for profiles of types I, IT,
and III. The differences between the adjusted C.’s, Whlch
are much smaller than those between the regular Cp’s, would
indicate the effect of vorticity. €, for type I, which has the
smallest nonuniformity parameter a/d?, is almost identical
to that for a uniform stream (¢ = 0), i.e., the effect of vor-
ticity 1s almost nil. However, C, for type III, which" has
the largest nonuniformity parameter, shows the largest
vorticity effect.
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Fig. 8 Optimum location of airfoil to the nonuniform
stream
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Figure 8 shows the lift coefficient nondimensionalized with
respect to the dynamic pressure of the basic uniform stream
1oU for various values of y,, and for three types of profiles
with the same maximum velocity, i.e., type I, = 1,d = 1,
type Ill, @ = 1,d = %, and type IV, a = 1,d = 1/(2)V2
The optimum y,’s for maximum Cj, are negative and —y; in-
creases as the spread of nonuniformity decreases. The
value of maximum C, however, decreases as the spread
decreases.

Figure 9 shows the variation of lift due to the variations
in the three parameters: the relative orientation y,, the maxi-
mum excess veloeity a, and the spread d. An adjusted lift
coefficient €y, is introduced. It is nondimensionalized by
the maximum upstream dynamic pressure, i.e., Cz = CrUs*/
U2(@)max = Cr(1 + a)7% C. agrees with the value Cp*
for a uniform stream if @ = 0 or d = o or if the nonuni-
formity parameter a/d? is zero. The difference between
C* and the maximum adjusted lift coefficient € for each
type of upstream profile is an indication of the nonuni-
formity of the stream. The difference increases as the a/d?
increases. The nonuniformity parameters for type II and
type IV are the same, and their maximum Cy are nearly the
same. This fact suggests the special combination of the two
parameters @ and d to one parameter a/d?. Indeed, there is
a correlation between the maximum adjusted lift coefficient
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Fig. 10 A correlation between the maximum adjusted lift
coefficient ¢z and the nonuniformity parameter a/d?.

{1 and the nonuniformity parameter a/d? as shown in Fig.
10. Each data point in the figure represents the numerical
results for the maximum adjusted lift coefficient (C'L)max
at the optimum y, vs the nonuniformity parameter a/d? for
each pair of ¢ and d indicated next to the data point. These
points, with o ranging from 3 to 0, d ranging from % to « and
a/d? ranging from 0 to 12, lie close to the least square curve
given by the equation

(C)mex = CL*[1 — 0.18909(a/d?) +
0.04883(a/d?)? — 0.00479](a/d?)?® (10)

When the maximum excess velocity parameter ¢ vanishes or
the spread of nonuniformity d becomes infinite or a/d? = 0,
the upstream velocity becomes uniform and (Cr)mex =
C1*.(C1)mex decreases monotonically as the a/d? increases.

4, Airfoil in a Shear Layer between Two
Uniform Streams

The problem of an airfoil in a shear layer joining two parallel
uniform streams as shown in Fig. 11 may simulate the en-
counter of an airfoil with atmospheric disturbance. Figure
12a shows the limiting case for two parallel streams with the
shear layer degenerated to a vortex sheet along the dividing
stream line. Due to the difference in stagnation pressures
of the two streams, the dividing stream line cannot intersect
the airfoil as shown in Fig. 12b. The airfoil should be either
below or above the dividing stream line. If the stream
function along the dividing stream line is chosen to be zero,
the stream function around the airfoil has to be greater or less
than zero. When the position of the airfoil changes upward,
the stream function around the airfoil increases from negative
to positive, with a discontinuity across zero where there is a
sudden change in lift. Since a theoretical analysis for this
phenomenon is not yet available, it is expected that the
numerical analysis of an airfoil in a shear layer joining two
parallel uniform streams will adequately demonstrate the
phenomenon as the shear layer thickness diminishes.

For the numerical analysis the upstream velocity profile is
chosen to be of the type,

U@y) = 1+ o tanh[(y — y.)/d] (11)

The mean velocity of two uniform streams is used as the ve-
locity scale. The parameter y, denotes the vertical position
of the airfoil relative to the upstream profile, and 2a
denotes the velocity difference between the two uniform
streams. The spread of the shear layer is represented by the
positive parameter d. The airfoil is the same Joukowski

Fig. 12a) Limiting case
for two parallel streams
with the shear layer de-

generated to a vortex sheet =4 =

along the dividing stream-
line. INCOMPRESSIBLE MODEL

Uz

E B,

Y,

Fig. 12b) Unbalance in pressure at stagnation point.
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profile described in the preceding section and the diameter
of the mapping circle is used as the reference length.

Figure 13a shows the lift variation as y, changes for a =
L and d = 3. Curve I shows the results of the numerical
analysis, yielding the value of the stream funetion around the
airfoil and the corresponding displacement y., of the stream-
line. Curve II shows the theoretical lift variation with
uniform upstream velocity U(y.), 1.e., with the same stagna-
tion pressure, as the streamline passes around the airfoil
Curve II1 shows the theoretical lift variation with the uni-
form upstream velocity U(0), i.e., with the same stagnation
pressure, along the undisturbed streamline y = 0 in the
sense of linearized theory. Curves IT and III include the
correction due to wall effect. The difference between
curves I and II indicate the effect of vorticity in the non-
uniform stream, while the difference between curves II and
111 show the effect of stagnation pressure due to the upstream
displacement of the streamline y.,. For a > 0, the vorticity
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is in the same sense as the circulation around the airfoil.
Therefore, the effect of vorticity increases the lift. The
effect of the upstream displacement of the streamline
because of circulation tends to bring a streamline with
lower stagnation pressure (y. < 0) around the airfoil and
therefore, counteracts the effect of vorticity. For the case
considered, the effect of vorticity dominates that of stagna-
tion pressure as shown in Fig. 13a.

Figure 13b shows the lift variation as y. changes for a =
—landd = % Again curve I shows the results of numerical
analysis and curves II and III have the same meanings as
those in Fig. 13a. With a < 0, the vorticity is in opposite
sense to the circulation around the wing, causing a reduction
in lift. On the other hand, the upstream displacement y.,
of the streamline passing around the airfoil is always in the
opposite sense to the circulation, and therefore increases the
stagnation pressure and yields an increment in lift. Again
the effect of vorticity dominates that of stagnation pressure,
as shown in Fig. 13b. Since the upstream velocity profile in
Fig. 13b is a mirror image of that in Fig. 13a, with respect to
the axis y; = 0, curve I1I in Fig. 13b and that in Fig. 13a have
the same property. However, the mage of the actual lift vari-
ation, curve I, in Fig. 13b is below that of curve III, which in
turn is below curve I in Fig. 13a. Thisis because of the change
of sign of vorticity in the shear layers with respect to the
circulation.

Figure 14a shows the lift variation as y, changes for a
thinner shear layer with vorticity in the same sense as the
circulation around the airfoil (¢ = %, d = ). Qualita-
tively, these three curves I, II, and III are similar to those
in Fig. 13a; there is a steepening of the lift variation because
of the decrease in the effective thickness d of the shear layer.

Figure 14b shows the lift variation curves for a thin shear
layer with vorticity in the opposite sense as the circulation
around the airfoil (@ = —%,d = %). It is quite evident that
there is a sudden change of lift near y, = 0. Figure 15 shows
the same lift variation vs y, from the numerical analysis,
curve I, and also the curves for corresponding variations in
the upstream vorticity w(¥.), and the upstream displacement
Yo Of the streamline passing around the airfoil. The sudden
change in lift, which is accompanied by a sudden change in
Y, Occurs when the vorticity begins to rise from zero, ie.,
where the main part of the shear layer is passing over the
upper surface of the airfoil. There is an additional sudden
drop of lift, but much smaller in magnitude, when the vor-
ticity returns to zero as the shear layer is passing below the
lower surface. This sudden change in the upstream dis-
placement of the streamline passing around the airfoil clearly
demonstrates the phenomenon mentioned before for the
limiting case of d = 0 (Fig. 12a). When the vorticity is in
the same sense as the circulation (Fig. 14a) the lift variation
curve is steeper than that with double thickness in shear
layer (Fig. 13a). However, the phenomenon of a sudden
jump in lift as shown in Fig. 13b is still absent.

3.0

20

o] [o]
-08 -06 -04-02 0 02 04 06 08
Ys

Fig.15 Lift variationvs y.fora = —andd = } from the

numerical analysis and the corresponding variations in the

upstream vorticity » (¥.), and the upstream displacement
¥« of the streamline passing around the body.
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5. Conclusions

A numerical program for the finite difference solution of the
incompressible flowfield around an airfoil in a two dimensional
nonuniform stream is developed. It is employed to obtain
the pressure distribution on a thin Joukowski airfoil with
small effective angle of attack in a nonuniform stream.
Two general types of nonuniform streams are investigated,
namely a jet in a uniform stream (Sec. 3) and in a shear layer
joining two uniform streams (Sec. 4).

The numerical results demonstrate strong interaction be-
tween the vorticity in the nonuniform stream and the cireula-
tion around the airfoil, and that between the stagnation pres-
sure carried along the streamline passing around the airfoil
and the circulation. The changes in pressure distribution
due to the vorticity and stagnation pressure effects are much
more pronounced on the upper surface than those on the
lower surface (see Figs. 5-7).

When the upstream velocity deviation from a uniform
flow is represented by a Gaussian profile to simulate the
velocity increment because of the jet or that behind a pro-
peller, the numerical results show that there is an optimum
vertical location of the airfoil relative to the upstream profile
for maximum lift. A correlation between the maximum lift
and a nonuniformity parameter of the upstream profile is
obtained. This parameter is a combination of two param-
eters, the maximum deviation in velocity o and the spread
of the nonuniformity d.

When the upstream velocity profile changes from one uni-
form stream to another through a layer with a steep velocity
gradient, the upstream vorticity (—dU/dy) has the same sign
as the circulation around the wing. The numerical results
show that there is a gain (loss) in lift if the vorticity is in the
same (opposite) sense with the circulation around the wing.
The upstream displacement g, of the streamline passing
around the airfoil is in opposite sense to the circulation, i.e.,
1o < 0. There is a gain (loss) in stagnation pressure along
that streamline if dU/dy < 0 (>0). The effect of the stagna-
tion pressure, therefore, counteracts that of vorticity but the
latter dominates the former. When the main portion of the
layer with a steep velocity gradient is passing above the air-
foil their difference is significant.

As the velocity profile in the shear layer steepens, the lift
variation as a function of the vertical position (y.) of the
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airfoil relative to the upstream profile, will likewise steepen.
With the vorticity in opposite sense to the circulation, a sharp
change in lift occurs when the layer with large vorticity is
passing over the upper surface of the wing, as shown in Fig.
14b with @ = —%, d = 1. When the sign of vorticity is
reversed (@ = %,d = 1), such a sudden jump in lift is absent
(Fig. 14a). This fact suggests that for a given upstream
velocity profile, an airfoil which induces a circulation in the
same sense as the upstream vorticity, produces a more
gradual change in aerodynamic force than that with a
cireulation in the opposite sense. Attempts should be made
to confirm the results of present numerical investigations by
experiments and to understand them better by theoretical
analysis.
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